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Figure 1. Schematic diogram showing solute concentration profile in the 
polarization layer formed during ultrafiltration is  an unstirred cell. 

drodynamics from the theoretical analysis. 
Analysis of ultrafiltration in an unstirred cell requires a solu- 

tion of the one-dimensional timedependent convective diffu- 
sion equation as applied to the polarization layer on the solute- 
rich side of the membrane. Williams (1969) used regular pertur- 
bation theory to find asymptotic solutions for this in the context 
of reverse osmosis. The asymptotic solution predicts that, for 
times much larger than t = D/(L,AP)’, solvent flux will decay 
like t-”’. For shorter times, both Williams and Mahlab e t  al. 
(1978, 1979) have developed alternate solutions which are valid 
if (AP - Aai)/AP is much less than unity. The experiments of Liu 
and Williams (1970) and of Mahlab et  al. (1979) give some 
indication of the range of parameters, including membrane 
solute rejection, for which these short time solutions apply but, 
like the investigations of Alfani and Drioli (1972), these experi- 
ments show the difficulty of testing the long time solution in 
reverse osmosis experiments. Recently, a long time solution has 
also been derived by Trettin and Doshi (1980) for the same 
problem of albumin ultrafiltration in an unstirred cell which we 
investigate here. Their solution, based on the assumption of gel 
layer formation upon the membrane, predicts ultrafiltrate flux 
decay like t-”’and that albumin concentration at the membrane 
surface is independent of AP. Experimental data are offered in 
support of the flux decay rate only. In our work, the long time 
results of Williams are slightly generalized and a novel solution 
is developed for the case in which a macromolecular gel layer 
forms upon the membrane. Most important, data are offered in 
direct experimental support of the model. 

ANALYSIS 
Problem Stotemeni 

Figure 1 is a conceptual diagram of ultrafiltration in an un- 
stirred cell. The fluid above the membrane is initially static and 
contains a uniform concentration of macromolecule.The mem- 
brane is slightly permeable to the macromolecule, and is charac- 
terized by c, the reflection coefficient, L,, the hydraulic per- 
meability, as well as the diffusive permeability. At time zero, the 
solution is subjected to a constant elevated pressure such that 
the pressure differential across the cell, AP = Pi - P f  gives rise to 
an ultrafiltrate volumetric flux and a macromolecular mass flux, 
of and N f ,  respectively. Solute rejection at the membrane leads 
to a macromolecular concentration profile, c(y, t ) .  in the 
polarized layer above the membrane. 

The objective of this analysis, which is presented in three 
parts, is to obtain expressions for c(y, t) and u&) for ther- 
modynamically limited and hydrodynamically limited ultrafil- 
tration. These solutions can then be  compared with the experi- 
mental measurements. The first of the three problems is to solve 
for the macromolecule concentration profile and ultrafiltrate 
flux if the membrane is highly rejecting and the gelling concen- 
tration is not exceeded. In the second problem, a solution is 

developed for the steady state which is attained if the rate of 
solute leakage through the membrane can equal the rate of 
convection of solute toward the membrane. In the third prob- 
lem we solve for the profile and flux in the polarization layer 
above an impermeable membrane upon which there forms an 
insoluble, ever-thickening, gel-like layer of constant concentra- 
tion cg. Constant density p and solute diffusivity D are assumed. 
The unsteady state onedimensional convective diffusion equa- 
tion is: 

subject to: 

c = c i  y + m , a l l t  (3) 

The remaining boundary condition for c at y = 0 and the 
expression for v distinguish the permeable membrane and gel 
formation problems. 

Highly Rejecting Membrane. The solute flux N f  through the 
membrane is given by: 

N f  = (1 - R)vfcs  (4 ) 
where the rejection coefficient 

(5) 

depends on the magnitude of the reflection coefficient and the 
membrane Peclet number (Spiegler and Kedem, 1966; Ander- 
son and Quinn, 1974). In this problem, we assume that R is 
constant and almost equal to one, as was the case in our experi- 
ment. The net flux to the membrane from the bulk solution must 
be equal to the flux through the membrane, as given by Eq. 4, 
i.e., 

ac 
dY 

D- + vc = (1 - R ) ~ f c  y = 0, all t 

The convective velocity v above the membrane and ul- 
trafiltrate volumetric flux u, differ because the densities of the 
fluids on either side of the membrane differ. The ultrafiltrate 
volumetric flux is assumed proportional to the difference be- 
tween the applied pressure and the effective osmotic pressure 
difference between the two solutions on each side of the mem- 
brane, so that: 

vf = L,[AP - w A ~ ]  (74 

where AT = a8 - af. The velocity tj in the polarization layer is 
related to the ultrafiltrate velocity by: 

V P  = 04% (7b) 
where p is assumed constant and is evaluated as the average of 
the densities of the bulk solution and of the solution at the 
membrane surface. For the experimental conditions investi- 
gated, p/pf 5 1.09 (Vilker, 1975). 

An asymptotic solution to Eqs. 1, 2, 3, 6, 7a and 7b is sought 
for some long time at which the membrane surface concentra- 
tion c,,. approaches the concentration c* for which [AP - UAT] = 
0. Order-of-magnitude analysis of these equations suggests that 
the polarized boundary layer thickness is proportional to (Dt)”’ 
and the convective velocity is proportional to (D/t)’/’. A conve- 
nient set of dimensionless dependent variables is therefore, 
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which lead to 

with boundary conditions 

o = o  a l l t , r / = O  (13) 

e + o  t + m , a l i T  (14) 

ao - + v[o + ci at -1 c* - ci 

Figure 2. Solution of Eq. 22 or 46 for the ultrafiltrate flux parameter Yo. 

Vf - Lp [nP-Unlri J 
\ 

>* 

3 

LOG TIME 
Figure 3. Quolitative description of ultrafiltrate flux decay in unstirred 
ultrafiltration for a relatively leaky membrane (Curve A) such that (vdv)c* 
> cJ(1 - R )  for which the flux becomes constant, and fora highly rejecting 
membrane (Curve B) such that (v jvk*  < ci/(l - R) for which the flux 
decays like t-”* at long times. At short times ( r )  << 11, both curves 

approach the limiting flux, v, + Lp[AP -  VAT^]. 

= (1 - R)- P VIO + L] 6 = 0, all 7 (15) 
P f  c* - ci 

pJAP - UAT] 
p[AP - UATJ V =  77 

For the purpose of examining behavior at long times, it is 
important to note that the expected solution will require that AP 
- UAT + 0 as t + a. Therefore, if c* is that concentration for 
which AP - UAT = 0,  it will suffice to approximate AT by: 

and Eq. 16 becomes 

Consequently, the long time behavior of the solution does not 
require linearity of T vs. c over the entire range of realizable 
concentrations. Instead, the linearization is required only in the 
vicinity of c*. Solutions valid for q >> 1 are sought of the form 

The problem reduces to finding the functions Oj([) and terms 
Vj. The technique involves substitution of the first few terms of 
Eqs. 19 and 20 in 12,15, and 18 and requiring that coefficients of 
powers of 77 independently go to zero. Details are available in 
Vilker (1975). The results are 

and V, is given implicitly by: 

For R = 1, Eq. 22 is plotted in Figure 2 as the curve correspond- 
ing to Pe, = 0. 

As anticipated, these results predict that ultrafiltrate flux 
decays like t-”2 and that the membrane surface concentration is 
approximately equal to the concentration for which the solution 
osmotic pressure equals the applied pressure. We also see that 
the thickness of the polarized layer grows like t”’. 

Relatively Leaky Membrane. If the membrane is relatively 
leaky, it is possible that solute transport through the membrane 
can equal convection of solute to the membrane: i.e., if, 

then c , ~  will not attain the value c*. A steady state will instead be 
established with 

1 Pf 

1 - R  p c i  
c, = ~ - 

Ultrafiltrate flux can then be evaluated from Eq. 7a and appro- 
priate osmotic pressure data. In this event, the concentration 
profile is given by: 

0 = exp{ -vy/D} (24) 

where it is to be  understood that 0 is referenced to c, rather than 
c*. Figure 3 compares the qualitative behavior of the ultra- 
filtrate flux expected for the two cases of interest 

Ci c* >- *f  and - 1 - R  1 - R  
Of -c* 0 <ci ti 
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GelFonnatwn Modd At sufficiently high applied pressure, it 
has been suggested that the concentrated macromolecular sdu- 
tion at the membrane surface undergoes a phase transition. The 
resulting gel layer, which thickens with time and with further 
increase in applied pressure, offers an additional resistance to 
hydraulic flow. We assume that the concentration of mac- 
romolecule in this layer, c,, and the gel permeability, B,, are 
constant. The membrane is assumed impermeable to the mac- 
romolecule (R = u = 1). The volumetric flux through the gel 
layer is: 

B 
v = 2 AP, 

where 1, is gel layer thickness and AP, is the gel layer pressure 
drop which contributes to the overall pressure drop 

(25) 
1, 

AP = APm + AP, (26) 

For constant solution density and dausivity in the polariza- 
tion layer above the gel, Eqs. 1-3 again apply, but the analogs to 
Eqs. 4 and 7 are: 

y = l,, all t ac dl, 
aY dt D- + vc = c,- 

(28) Pf  
P 

v = - L,(AP* - AT) 

where AT = T$ - TP After gel formation, T$ is evaluated at c,, 
AT = T,  - TY. 

Substitution of the dimensionless groups 

e = (c - ci)/(c, - ci) 

7 = L,(AP - A T ) ( ~ / D ) ~ "  

(29) 

= (y - l,)/(Dt)'" (30) 

(31) 

V = v(t/D)'/' (32) 

2' = l,/(Dt)lI2 (33) 
into Eq. 1 and the other constraints gives 

subject to: 

ae - + v[e + ci a t  -1 Cg - Ci 

B,(AP - AT) 
D 9  V =  

The last boundary condition has been simplified by: 

(39) 

With perturbation techniques, asymptotic solutions valid for q 
>> 1 are sought of the form: 

A 1) APm = AT + (AP - AT)- 
1) 

f = 2 1-3 
j =O 

v = q-wj (43) 
j = O  

Following the method described above, the first terms of Eqs. 
4043 give the results: 

(45) 
B,(AP - AT) v, = 

2'OD 
and V, (which is equal to PffJp by Eq. 38b) is given implicitly by: 

where 

is a gel layer Peclet number. Obviously, for Peg = 0, Eq. 46 
reduces to Eq. 22 with R = 1. The consequences of Pe, # 0 are 
shown in Figure 2. 

As in the absence of the gel layer, the ultrafiltrate flux retains 
its inverse square root dependence on time, and the concentra- 
tion polarization layer still grows with a square root dependence 
on time. Like the polarization layer, the gel layer thickness also 
increases with the square root of time. Equation 45 and Figure 2 
suggest that, after gel formation, flux can be increased for any 
constant value c,/(c, - c,) by increasing Pe,. Increasing applied 
pressure, AP, would increase Peg, but the conclusion that this 
change would result in higher ultrafiltrate flux is inconsistent 

ALBUMIN CONCENTRATION. C(g/l- solution) 

Figure 4. Albumin osmotic pressure as a function of albumin concentration 
at 25°C and in 0.15 M NoCl at pH 7.4 (A), pH 5.4 (0) and pH 4.5 (0). 
Semiempiricol curves through data at each pH are derived in Vilker at al, 

(19810). 
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TABLE 1. ULTRAFILTRATION EXPERIMENT SUMMARY 

Experiments at pH 4.5 Experiments at pH 5.4 Experiments at p H  7.4 

A B C D E F G H I J K 
-~ - - - - - _ _ - - -  

CONTROLLED PARAMETERS 
Bulk Solution Concentration, ct,  

Total Experiment Time, minutes 
Profile Measurement Time, min- 

Membrane Permeability, L ,  X 

Cell Pressure Difference, AP, 

Osmotic Equivalent Concentra- 

Average Polarization Layer Den- 

Diffusivity at Average 4, Eq. 49, 

g/L solution 

utes 

lo4, cm/kPa-min 

kPa 

tion, c*, g/L solution 

sity, P, g/mL 

D X lo7, cm2/s 

DATA 
Membrane Surface Concentra- 

tion, c , ~ ,  g/L solution 
Polarization Layer Thickness, 6, 

cm 
Apparent Diffusivity Fit to 

Profile, D x lo7, cm2/s 

Fitted Power of Time, -n 
Fitted Coefficient A, X lo3, cm/ 

Coefficient for n = -1/2, A,, X 

Apparent Diffusivity for n = 

CONCENTRATION PROFILE 

FLUX DATA 

(min)"+' 

lo3, cm/min"' 

-1/2, D x lo7, cm2/s 

101 101 
547 563 
540 542 

555 

6.1 9.1 

70 70 

405 405 

1.06 1.06 

1.7 1.8 

416 389 
399 

0.280 0.260 
0.260 

16 10 

0.536 0.558 

4.9 5.0 

4.22 3.90 

2.7 2.3 

110 
1368 
542 

1368 

6.8 

70 

405 

1.06 

1.7 

387 
380 

0.375 
0.430 

10 

0.494 

4.2 

4.36 

2.3 

110 
1387 
1387 

3.0 

276 

652 

1.09 

1.2 

581 

158 
134 
33 
88 

12.3 

39 

251 

1.05 

2.1 

260 
260 

64 
677 
648 

4.8 

70 

312 

1.05 

2.4 

345 

with the experimental findings of others (e.g., Blatt et al., 1970). 
Generally it has been supposed that, after gel formation occurs, 
further increases in applied pressure result in a thickening of the 
gel layer such that the increased hydraulic resistance of the gel 
approximately offsets the increased driving force, and flux re- 
mains relatively unchanged. The assumption of a pressure inde- 
pendent intrinsic gel permeability in our model is probably the 
reason for the over prediction of a substantial increase in flux in 
response to an increase in applied pressure. 

It is also somewhat counter-intuitive to note that the role of 
the gel may be to increase ultrafiltrate flux. That is, for two 
solutes which are identical in all respects except that cg < c* for 
one and c, > c* for the other, it is possible that the gel-forming 
solute will actually permit the greater flux of solvent. 

EXPERIMENTAL 

Experiments were performed to measure ultrafiltrate flux and con- 
centration profiles in the polarization layer. The system of bovine serum 
albumin (BSA) dissolved in 0.15 M NaCl was selected because of the 
extensive physicochemical data available. However, measurements of 
solution density and osmotic pressure had to be  extended to higher 
albumin concentrations than could he found in the literature (Vilker, 
1975; Vilker et al., 1981a). The hydrated BSA partial specific density 
remained constant at 1.340 2 0.005 g/cc up to c = 580 g/L and the 
solution density followed the relation 

p = 2.54 x 10-4c + LOO (48) 

Osmotic pressure data as a function of concentration and solution pH,  
extended to high albumin concentrations (Vilker e t  al., 1981a), are 
shown in Figure 4. 

Albumin diffusivity data in salt solutions are available from Keller et 

0.375 0.140 0.350 
0.210 

10 30 30 

0.509 no 0.491 
data 

5.7 - 6.1 

5.42 - 6.35 

2.2 - 4.3 

101 101 72 
548 540 535 
no 532 531 

data 

5.1 9.1 5.4 

70 70 69 

312 312 241 

1.05 1.05 1.04 

2.1 2.1 2.6 

no 320 261 
data 

101 
548 
544 

9.3 

70 

242 

1.04 

2.5 

248 

101 
529 
529 

7.8 

70 

242 

1.04 

2.5 

250 

- 0.340 0.325 0.400 0.400 

- 20 30 30 30 

0.476 0.469 0.427 0.464 0.429 

4.9 5.4 7.3 5.7 5.7 

5.44 6.20 10.17 6.68 7.60 

7.4 9.6 22.9 20.4 26.5 

al. (1971). Their results for BSA dissolved in acetate buffer near the 
isoelectric pH of approximately 4.7 are described by the empirical 
relation 

D / D ,  = (tanh 21.34)/21.34 (49) 

where the infinite dilution diffusivity, D,, is 7 x lo-' cm2/s, and the 
volume fraction of albumin is given by 4 = c/1340. 

Moteriols 

Albumin solutions were prepared by dissolving crystallized BSA 
(Pentex grade, Miles Laboratories) in 0.15 M NaCl solutions which had 
been previously ultrafiltered (PM-10 membrane, nominal molecular 
weight cut-off 10,000, Amicon Corporation, Lexington, MA). Solution 
pH adjustments were made with purified hydrochloric acid or sodium 
hydroxide solutions. After pH adjustment, the solutions were passed 
through a 0.1 p m  filter as a final precaution. Initial BSA concentration in 
the cell was determined by the Biuret method (Henry, 1964). 

Cellulosic sheet membranes (HFA-180, Abcor Corporation, Wil- 
mington, MA) were used for all experiments. This membrane was 
selected for its ruggedness and pliability, almost complete albumin 
rejection (>0.99), and negligible rejection of NaCI. 

Approtus ond Procedures 

The unstirred optical ultrafiltration cell and the method for obtaining 
concentration profile measurements has been described in the compan- 
ion paper (Vilker, e t  al., 1981b). The cell was capable of withstanding 
pressure to 350 kPa. Total membrane area was 1.524 emp. Ultraatrate 
flux measurements were made with a continuous low flow measuring 
device which was capable of measuring flow rates from lo-' to lo-' 
mL/min (Vilker e t  al., 1979). The moment at which pressure was applied 
to the ultrafiltration cell was taken as time zero. Flux measurements 
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0 
DISTANCE ABOVE MEMBRANE, Y (Cm) 

Figure 5. Experimental (-1 and theoretical (- - -1 albumin con- 
centration profiles in polarized layer showing the effect of applied 
pressure. Experiment D, pH 4.5, AP = 276 kPa; Experiment 6, pH 4.5, AP 

= 70 kPa; Experiment K, pH 7.4, AP = 70 kPa. 

could be obtained within about 3 seconds after pressure application. 
Total ultrafiltrate volume from a typical experiment was 0.5 mL. 

Prior to each experiment, all cell components were thoroughly rinsed 
with water which had been previously ultrafiltered using an Amicon 
PMlO membrane. The hydraulic permeability constant, L,,, was deter- 
mined before and after each experiment with ultrafiltered saline. Exper- 
iments were performed at approximately 25°C. During each experi- 
ment, ambient temperature was controlled to ?O.l"C in order to 
minimize natural convection effects in the ultrafiltration cell and to 
ensure proper flow measurement readings. 

RESULTS AND DISCUSSION 

Eleven experiments were performed to investigate the effects 
of bulk solution p H  and albumin concentration, applied 
pressure, and elapsed time on the ultrafiltration flux and BSA 
concentration profiles. Table 1 summarizes the experimental 
conditions investigated and some of the results obtained. Exper- 
iments A and B (pH 4.5), Experiment H (pH 5.4), and Experi- 
ments J and K (pH 7.4) permit evaluation of the effect of solution 
p H  at equivalent conditions of bulk solution albumin concentra- 
tion and applied pressure. Changes in BSA concentration pro- 
files with increasing elapsed time are investigated in Experi- 
ments C and E. Experiment D at high pressure and p H  4.5 is 
designed to encourage the formation of a protein gel layer at the 
membrane surface. 

The solid curves of Figure 5 for Experiments B, D and K 
show typical albumin concentration profiles measured by the 
shadowgraph method. Each solid curve is the average of two 
independent measurements which agreed within five percent or 
better of each other at all concentrations. Since concentration 
measurements were not possible for y < 0.02 cm, the mem- 
brane surface concentration, csr was obtained by extrapolation of 

the profile data as previously described (Vilker e t  al., 1981b). 
Regardless of the level of applied pressure or the value of bulk 
solution pH, these data show that the extrapolated membrane 
surface concentration agrees closely with the osmotic equivalent 
concentration; that is, within experimental error cd = c*. This 
same conclusion applies to the other experiments in Table 1 for 
all conditions studied. These membrane surface concentration 
measurements suggest that an insoluble gel-type layer at the 
membrane surface was not present in any of our experiments. 

Experiment D was conducted at conditions thought to be 
favorable for gel formation and growth above the 0.02 cm view- 
inglimitation. Literature estimates of albumin solubility close to 
the isoelectric p H  of 4.7 are 610 g/L from dissolution studies of 
albumin in water by MacRitchie (1973) and 585 g/L from viscos- 
ity studies by Kozinski and Lighifoot (1972). At this assumed gel 
concentration (cg = 600 g/L), the osmotic pressure for p H  4.5 is 
estimated as 216 W a  by extrapolation of the data given in Figure 
4. A run at pH 4.5 and AP = 276 kPa, which should have been 
more than sufficient to encourage incipient gel formation, was 
therefore undertaken. As shown by solid curve D of Figure 5, 
there was no evidence of gel formation even after 1300 minutes 
of elapsed time. The applied pressure was then increased to 350 
kPa for an additional 900 minutes; again with no evidence of gel 
formation. 

Given that gel formation was absent and that the membranes 
were highly rejecting to albumin ( R  - l . O ) ,  Equation 21 should 
provide an appropriate description of the experimental concen- 
tration profiles, provided only that 7 is sufficiently large (7) >> 
1). For ultrafiltration of biological macromolecules such as al- 
bumin, the minimum time for 7 = l is small. In our experi- 
ments, it is typically about one second for experiments at low 
pressures and about one-tenth second for the experiment at high 
pressure. 

The dashed curves of Figure 5 show concentration profiles 
calculated by Eq. 21 with apparent values of dausivity which 
provide a good fit between theoretical prediction and experi- 
mental data: for Experiments B and D, D = 10 X lo-' cm2/s; for 
Experiment K, D = 30 x lo-' cm2/s. In each case, these values 
are greater than those evaluated from Eq. 49 at the average 
albumin concentration in the polarization layer, D = 1.2 x 
cmYs for 350 g/L (Experiment D), D = 1.8 X cm2/s for 250 
g/L (Experiment B) and D = 2.5 x lo-' cm2/s for 175 g/L 
(Experiment K). Larger values were also obtained in fitting the 
other concentration profiles and the magnitude of the difference 
between these dausivities and thosefrom Eq. 49 increased with 
increasing pH.  

I I I I I 1 
0 100 200 300 400 500 600 

TIME, t (minutes) 

Figure 6. Measured ultrafiltrate volume as a function of elapsed time and 
bulk solution pH: Experiment K at pH 7.4(0), Experiment H at pH 5.4(A) 
and Experiment Bat  pH 4.5 (0). Applied pressure (AP = 70 kPa) and bulk 
solution albumin concentration (c, = 101-1 10 glL) were the same in the 

three experiments. Curves are regression fits for Eq. 50. 
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I 0-3  

Figure 6 shows typical results for the volume of ultrafiltrate 
produced as a function of elapsed time. The three sets of data 
plotted correspond to Experiments B, H, and K which differ 
only in the bulk solution pH. The curves drawn through the data 
represent nonlinear least squares regression fits to the equation 

I , , 1 1 1 1 1  I I I l l ,  1 I I 1 1 1  

2 a CJ I O - ~  
3 lo-' 

(C) pH 7.4 

F 
I I I I 1 1 1 1  I I I I I I 1 1 1  I I 1 1 I I I  

10 I00 1000 
TIME, t (minutes) 

10-41 

Figure 7. Measured ultmfittrate flux decay (solid curves calculated from 
the derivative of Eq. 50 for three pH values: (A) Experiment B at pH 4.5, 
(6) Experiment H at pH 5.4 ond (C) Experiment K at pH 7.4. Theoretical 
curves (doshed) colculated from v, = A,$-'" where A, is evaluated by Eq. 
5 1  using the diffusivity which gave best fit to concentration profiles like 

those of Figure 5. 

The polarization layer thickness 8 is arbitrarily defined as the 
distance above the membrane at which the albumin concentra- 
tion corresponds to 8, = 0.02. This thickness on Figure 5 is 0.260 
for Experiment B, 0.375 cm for Experiment D and 0.400 for 
Experiment K. Profiles were measured at two different elapsed 
times in Experiments C and E to test the theoretical predictions 
that membrane surface concentration is nearly time invariant 
and that the  polarization layer grows like fi. Within 
experimental error, the data for 542 and 1368 minutes of Exper- 
iment C and 33 and 88 minutes of Experiment E indicate that c , ~  
= c*, independent of elapsed time of the experiment. The ratio 
of the polarization layer thickness at the longer elapsed time to 
that at the shorter time is in good agreement with the predicted 
6 dependence for both experiments. However, comparisons 
of S between experiments at different p H  but otherwise nearly 
equivalent conditions and elapsed time show that S increases as 
p H  increases. This also indicates increasing apparent albumin 
diffusivities as the departure of p H  from the isoelectric point 
increases. 

where Qf is ultrafiltrate volume, A, is the membrane area(1.524 
cmZ) and the parameters A, and n are found from the regression 
analysis. Ultrafiltrate volume measurements began within three 
seconds after the start of an experiment. Because of substantial 
scatter in the data from the beginning of each run, regression 
analysis was carried out only with data obtained after two min- 
utes elapsed time. 

Figures 7a, 7b and 7c show plots of ultrafiltrate flux versus 
time for Experiments B, H and K, respectively, where the solid 
lines are calculated from the derivative of Eq. 50 after the 
constants A, and n have been determined from regression 
analysis of the integral data. These constants for all experiments 
are listed in Table 1. The value of n is always close to the 
theoretical value of -1/2 but is somewhat less negative for 
experiments at higher pH. The value at low pressure for Exper- 
iment B agrees well with the higher pressure result at p H  4.5, 
Experiment D. 

The ultrafiltrate flux data were also fit to Eq. 50 with n set 
equal to - 1/2. The resulting A, coefficients, shown in the second 
to last row of Table 1, are then related to albumin diffusivity by 
comparing the theoretical solution for uf (Eqs. 7b and 9, and 
Figure 2) and Eq. 50: 

where the ratio of average polarization layer density to filtrate 
density (p/pf) varied slightly for the experiments (1.04 to 1.09 
g/mL). These diffusivities thus calculated from flux data are 
smaller and increase even more strongly with increasing solu- 
tion p H  than the values obtained by fitting the theoretical 
model, Eq.  21, to concentration profile data. Close agreement 
between the two sets of apparent diffusion coefficients is 
achieved only at pH 7.4. The dashed lines of Figures 7a, 7b and 
7c show the ultrafiltrate fluxdecay computed from Eq. 51 where 
the value of V,, is from Figure 2 and the value of D is from the fit 
to the concentration profile of each respective experiment. 

Thus, the general features of the ultrafiltration model are 
consistent with experimental data for both the ultrafiltrate flux 
and for the concentration profile. The apparently high values of 
the diffusivity reported in this study may in part be due  to 
uncertainties as to the true value. The measurements leading to 
Eq. 49 by Keller e t  al. (1971) were taken at conditions (0.1 M 
acetate buffer, p H  4.7) such that albumin is near its isoelectric 
point (zero net molecular change) and the diffusivity was found 
to monotonically decrease with increasing concentration. A re- 
cent theoretical description predicts similar dependence when 
albumin is modeled as an inert hard sphere (Anderson and 
Reed, 1976). More recent albumin diffusivity measurements by 
quasielastic light scattering techniques suggest that dausivity 
increases with concentration in solutions of p H  (-7.4) and ionic 
strength (-0.1 M) such that electrostatic contributions sig- 
nificantly influence the concentration dependence (Phillies e t  
al., 1976; Fair e t  al., 1978). These studies report values of the 
dgusivity approaching cm2/s at the highest concentrations 
studied (-200 g/L). 

We believe that the major portion of the discrepancy is as- 
sociated with diffusion potential effects. This hypothesis is cur- 
rently under investigation in our laboratory with encouraging 
results and will be reported in a subsequent paper. 
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NOTATlON 

Greek Symbols 

membrane area 
flux fitting parameter defined by Eq. 50 
gel layer permeability, cm2/kPa . min 
albumin concentration, g/L solution 
diffusivity, cm2/s 
membrane pressure drop function defined by Eq. 39 
membrane hydraulic permeability, cm/kPa . min 
gel layer thickness 
dimensionless gel layer thickness, Zg/(Dt)”’ 
albumin mass flux, g/cm2 . min 
flux fitting parameter defined by Eq. 50 
pressure differential, kPa . 
gel layer Peclet number, vldD 
measured volume of ultrafiltrate 
rejection coefficient for albumin defined by Eq. 5 
time 
dimensionless volumetric flux, v 
volumetric flux, positive when flow is in negative 
y-direction, cm/min 
coordinate normal to membrane 

polarization layer thickness 
quantity defined by Eq.  11 or 31 
dimensionless concentration, (c - cJ/(c* - CJ or (C - 
C i ) / ( c g  - ci) 
dimensionless polarization thickness defined by Eq. . -  
10 or 30 
osmotic pressure, kPa 
mass density, g/mL 
albumin concentration as volume fraction 
membrane reflection coefficient for albumin 

ultrafiltrate 
gel layer 
initial or bulk solution 
membrne 
denotes first term in series expansions of Eqs. 19-20 
and 40-43 
membrane surface 

w-ripts 

* = condition at membrane surface when the product of 
the reflection coefficient and the osmotic pressure 
difference across the membrane equals the hydro- 
static pressure difference 
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